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The annual cost rate for a trust fund is computed as the total cost of providing scheduled benefits 
from that fund as a percentage of taxable payroll.  If 
 

( , ) ( , ) ( , ) ( , ),COST tf yr BEN tf yr RR tf yr ADM tf yr= + +  
 
then 

( , )_ _ ( , ) .
( )

COST tf yrANN COST RT tf yr
payroll yr

=  

 
The trust fund ratio measures the amount of beginning of year assets that can be used to pay 
scheduled benefits.  It is expressed as a percentage. 
 

( , )( , ) .
( , )
BOYASSETS tf yrTFR tf yr

BEN tf yr
=  

 
viii. Equations 4.3.10, 4.3.11, 4.3.12, and 4.3.13 – Summarized Values 
 
Present values of cash flows during the year are computed using the yield rate on the combined 
OASDI trust fund for that year.  Each component of trust fund operations is exposed, with 
interest, to the point in the year in which, on average, it is received or disbursed.  These exposure 
levels, ben_exp(yr), are the same as described above.  These exposed levels are then discounted 
to January 1 of the year of the Trustees Report, ni.  If yield(j) is the annual yield rate on the 
combined OASDI trust funds for year j and v(yr) is the discounting factor for the year, then 

1( ) .
[1 ( )]

yr

j ni

v yr
yield j=

=
+∏  

For a given year, and trust fund,  
 

_ ( , ) (1 0.525 ( )) ( , ) ( ),
_ ( , ) (1 0.5 ( )) ( , ) ( ),

_ ( , ) (1 _ ( ) ( )) ( , ) ( ),
_ ( , ) (1 0.583 ( )) (

PV TAX tf yr yield yr TAX tf yr v yr
PV TAXBEN tf yr yield yr TAXBEN tf yr v yr

PV BEN tf yr ben exp yr yield yr BEN tf yr v yr
PV RR tf yr yield yr RR t

= + × × ×
= + × × ×
= + × × ×

= + × × , ) ( ),
and _ ( , ) (1 0.5 ( )) ( , ) ( ).

f yr v yr
PV ADM tf yr yield yr ADM tf yr v yr

×
= + × × ×

 

 
The target fund for a year is next year’s cost.  Its present value is computed as  
 

_ ( , ) [ ( , 1) ( , 1) ( , 1)] ( ),PV TARG tf yr BEN tf yr RR tf yr ADM tf yr v yr= + + + + + ×  
 
Taxable payroll is exposed to the middle of the year when computing present values: 

 
_ ( ) (1 0.5 ( )) ( ) ( ).PV PAYROLL yr yield yr payroll yr v yr= + × × ×  
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We also define 

 
_ ( , ) _ ( , ) _ ( , )PV INC tf yr PV TAX tf yr PV TAXBEN tf yr= +  

and 
 

_ ( , ) _ ( , ) _ ( , ) _ ( , ).PV COST tf yr PV BEN tf yr PV RR tf yr PV ADM tf yr= + +  
 
Summarized rates are calculated using beginning of period assets and a target fund. 

2

1

2

1

1

1 2

( , ) _ ( , )
_ _ ( , , ) .

_ ( )

yr

BOY
j yr

yr

j yr

ASSETS tf yr PV INC tf j
SUMM INC RT tf yr yr

PV PAYROLL j

=

=

⎛ ⎞
+ ⎜ ⎟
⎝ ⎠=
∑

∑
 

 
The summarized cost rate is similarly computed: 

2

1

2

1

2

1 2

_ ( , ) _ ( , )
_ _ ( , , ) .

_ ( )

yr

j yr
yr

j yr

PV COST tf j PV TARG tf yr
SUMM COST RT tf yr yr

PV PAYROLL j

=

=

⎛ ⎞
+⎜ ⎟

⎝ ⎠=
∑

∑
 

 
The 75-year actuarial balance is computed for a period beginning January 1 of the Trustees 
Report year, ni.  It includes both beginning of period assets and a target fund.  Therefore,  
 

75 ( ) _ _ ( , , 74) _ _ ( , , 74).yrACTBAL tf SUMM INC RT tf ni ni SUMM COST RT tf ni ni= + − +  
In general, an actuarial balance may be computed for any given subperiod of the projection 
period.  In general, actuarial balances for a subperiod beginning on January 1 of year ni and 
continuing through the end of year yr are computed using  

 
, ( ) _ _ ( , , ) _ _ ( , , ).ni yrACTBAL tf SUMM INC RT tf ni yr SUMM COST RT tf ni yr= −  

 
 
The unfunded obligation of a trust fund for a given period is the excess of the present value of 
the net cash deficits for each year of that period over the trust fund balance at the beginning of 
the period.  The unfunded obligation for the period beginning on January 1 of year ni and 
continuing through the end of year yr is computed using 
 

_ ( , ) [ _ ( , ) _ ( , )] ( , ).
yr

BOY
j ni

UNF OBL tf yr PV COST tf j PV INC tf j ASSETS tf ni
=

= − −∑  

 
ix. Equation 4.3.14—Closed Group Unfunded Obligation 
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The closed group is defined as individuals who attain specified ages in the first year of the 
projection period (ni).   The Statement of Social Insurance displays unfunded obligations for 
closed groups (1) attaining 15 or later in 2008, (2) attaining 62 or older in 2008, and (3) attaining 
15 to 61 in 2008.  For each year of the projection period, closed group calculations attribute a 
portion of the items in equations 4.3.1 through 4.3.6 to individuals falling in the defined closed 
group. The calculation of the closed-group unfunded obligation, then, uses the equation above 
but only considering the present values of cost and income attributable to the closed group.   
 
The following information, developed elsewhere in the “Cost” process, is used for developing 
closed group unfunded obligation amounts: 
 

• Total number of workers and total taxable earnings by single year of age 15-74 and 
sex, years 1951 through nf, updated yearly  

• Taxable payroll, years ni through nf, updated yearly 
• Payroll tax income, years ni through nf, updated yearly 
• Income from taxation of benefits, years ni through nf, updated yearly 
• Scheduled benefits by beneficiary category, years ni through nf, updated yearly 
• Railroad interchange, years ni through nf, updated yearly 
• Administrative expenses, years ni through nf, updated yearly 
• Yield rate on the combined OASDI trust funds, years ni through nf, updated yearly  

 
It is important to note that, for dependent beneficiaries, the age of the worker, on whose account 
the benefits are based, determines whether that beneficiary would fall in the closed group.  For 
instance, if the closed group were defined as individuals attaining age 15 or later in 2008 and in 
2008 a 3-year-old minor child was receiving benefits on the account of a retired worker aged 63, 
the minor child beneficiary would be considered as part of this closed group because the account 
holder was at least age 15 in 2008.  The following describes how the various components of 
income and cost are allocated to the defined closed group in question: 
 

Payroll Tax Contributions 
 
Closed group taxable payroll is defined as the percentage of OASDI taxable payroll attributable 
to the closed group in question.  An input file of closed group payroll factors, containing these 
percentages by year from 2008 through 2107, is used by the cost program to compute payroll tax 
contributions attributable to the closed group. For each year, the closed group payroll factors are 
determined as follows: 

• The number of projected workers by single year of age (ages 1-99) and sex are 
multiplied by the associated average earnings by age/sex. 

• Then, the portion of total taxable earnings attributable to the closed group is 
calculated.   
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For each year of the projection period, the number of workers and average taxable earnings by 
single year of age and sex are determined as follows: 
 

• For ages 15-74, the number of projected workers comes directly from Economics group 
projections, and the average earnings by age and sex comes directly from the AWARDS 
subprocess.   

• For ages 1-14, the number of projected workers is obtained by averaging the percentage 
of workers at each age relative to the total 1-14 age group, using 14 years of earnings data 
(1991-2004) in the averaging calculations.  Average taxable earnings for ages 1-14 are 
obtained by analyzing historical 1991-2004 data of the average earnings at each age 
relative to the age 15 average earnings, and judgmentally assigning a ratio (to age 15 
average earnings) for each age.  

• For ages 75-99, the number of projected workers by age and sex is obtained through first 
developing the ratio of workers in 2004 at each age to the projected population in 2004 at 
that age and then applying that ratio to projected population by age in years 2007 and 
later.  Then, the resulting estimated workers are adjusted by an equivalent percentage to 
match the total number of projected workers aged 75 and later, as provided by the 
Economics group.  This process is done separately by sex.  To obtain the average taxable 
earnings for single years of age 75-99, ratios of average earnings by age 75-99 to overall 
average earnings for all ages is computed for each age 75-99, for earnings years 1991 
through 2004.  These ratios by age are then averaged for all 14 years, from which 
earnings ratios to overall average earnings are developed judgmentally.  This process is 
done separately by sex. 
 

Benefits 
 
Methodologies for computing benefits attributable to the closed groups differs among benefit 
categories, as described below: 
 

Retired Workers 
 
For each age in current pay, the number of beneficiaries is multiplied by the corresponding 
average benefit amount across all ages of entitlement.  The same applies for DI conversion 
cases.  Retroactive benefits for the current year, by age, are then calculated. The closed-group 
factors for old-age benefits for each year are found by summing the benefit amounts 
attributable to the specified closed group, as a proportion of total retired worker benefits for 
all ages.  This process is done separately by sex.  

 
Disabled Workers 
 
For each age from 20 to the year before normal retirement age, the program adds the 
products of the number of beneficiaries for each duration and the PIA for that duration.  
Retroactive benefits for the current year, by age, are then calculated.  The closed-group 
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factors for disability benefits are found by summing the total benefit amounts attributable to 
the closed group, as a proportion of total disabled worker benefits for all ages.  This process 
is done separately by sex.  
 
Aged Spouses 
 
The number of aged wife beneficiaries in current pay status (no dual entitlement) is provided 
by single year of age.  Then, for each single year of age, the program allocates total numbers 
of husbands by age, from 5 years younger to 12 years older than the aged wife using an 
assumed distribution.  Next, for each age of husband in current pay, the number of husbands 
is multiplied by the weighted average retired worker benefit across all ages of entitlement.  
The closed group factors, then, are obtained by determining the proportion of total benefit 
amounts attributable to the given closed group (based on the husband’s age). 
 
The same closed group factors are applied to the excess benefit amount for aged wives in 
dual entitlement status (i.e. aged wives with a smaller worker benefit).  Aged husbands, a 
very small beneficiary group, get the same closed group benefit factors as do the aged wives, 
described above. 
 
Aged Widows 
 
The number of aged widow beneficiaries in current pay status (no dual entitlement) is 
provided by age from 60 to 95.  For each single year of age, the program allocates total 
number of aged widows by age of the deceased husband (age the husband would have been if 
he had not died), from 10 years younger to 15 years older than the aged widow using an 
assumed distribution.  For each age of deceased husband aged 95 or younger, a real wage 
growth factor is applied to reflect ultimate real wage growth taken to the power to the 
number of years younger than age 96.  
 

)ker96()028.1/039.1( agewordeceasedBenefitadj −=  
 
This exponent is intended to reflect differences in average levels of benefits, with younger 
deceased husbands having higher benefits based on real wage growth. The closed group 
factors, then, are obtained by determining the proportion of total benefit amounts attributable 
to the closed group   
 
The same closed group factors are applied to excess benefit amounts for aged widows in dual 
entitlement status (i.e. aged widows with a smaller worker benefit).  Aged widowers receive 
the same closed group benefit factors as do aged widows (based on the deceased husband’s 
age).    
 
Other Beneficiary Categories 
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For the 20 other dependent beneficiaries of retired workers, disabled workers, and deceased 
workers, an input file of closed group benefit factors is created, which represents the 
proportion of total (open-group) projected benefits in that category attributable to the given 
closed group age and year.  This file is used by the cost program to compute amounts from 
each beneficiary category attributable to the closed group.  The file, separately created for 
each closed group run, contains closed group benefit factors for ages 0 through 150 for each 
of the 20 beneficiary categories by sex of the account holder (worker).  These input files are 
created by examining a recent sample of Master Beneficiary Record (MBR) data1 for each of 
the beneficiary categories by age of the worker, and projecting future distributions by age of 
the worker based on population and, for survivor benefits, projected deaths by age.  Then, 
adjustments are made for real wage growth to reflect different benefit levels by birth cohort.   

 
Taxation of Benefits 

 
Since taxation of benefits is related to benefits, the closed-group taxation of benefit amounts are 
computed by multiplying the total (open-group) taxation of benefit amounts by Trust Fund,  by 
the corresponding total closed-group benefit factors by Trust Fund.    
 

Administrative Expenses 
 
Since administrative expenses are also assumed to be related to benefits, the closed-group 
administrative expense amounts are computed by multiplying the total (open-group) 
administrative expenses by Trust Fund), by the corresponding total closed-group benefit factors 
by Trust Fund. 
 

Railroad Interchange 
 
Since the railroad interchange has both a payroll tax and benefit component, each component is 
multiplied by its corresponding closed-group factor.  That is, total payroll tax contributions 
arising from railroad interchange are multiplied by the closed group payroll factor discussed 
above in the “Tax on Contributions” section.   Total railroad benefits, by Trust Fund, are 
multiplied by the aggregate closed-group benefit factors by Trust Fund.  Closed-group railroad 
administrative expenses and closed-group railroad taxation of benefits are also estimated by 
applying aggregate closed group benefit factors by Trust Fund.   The final amount is then the 
difference in the components (closed group railroad income less closed group railroad cost). 
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Appendix 4.3-1 
Shuttling Method 

 
In this appendix we discuss the “shuttling method”.  
 
The shuttling method as presented in the COST model attempts to reorganize the PAPs 
obtained from subprocess 4.2, which maintains a static age-sex distribution of newly entitled 
beneficiaries, in such a way that captures the changing age-sex distribution of newly entitled 
beneficiaries provided by subprocess 3.3.  The age-sex distribution of the sample (subprocess 
4.2) and those newly entitled from subprocess 3.3 are aligned in the sample year.  This 
alignment persists throughout all years in the long-range period.  When we refer to the age-
sex distribution fom subprocess 3.3 in what follows below, we refer to the aligned age-sex 
distribution.   
 
Let oadsrs be the age/sex distribution of the sample from subprocess 4.2.  Let oabicp be the 
number of newly entitled beneficiaries by age and sex from subprocess 3.3.  Let total be the 
total number of newly entitled beneficiaries by sex.  The ratio  

( , ) ,
( )

oabicp sex age
total sex

 for age = 62, … , 70 gives the age-sex distribution from subprocess 3.3.  

The array rsb_oadscp_sampleyr is the age-sex distribution from subprocess 3.3 from the 
sample year (2004 for the 2008 Trustees Report). 

 
The value of oadscp is defined, by age and sex, to be: 

( , )( , ) ( , ) _ _ ( , ).
( )

oabicp sex ageoadscp sex age oadsrs sex age rsb oadscp sampleyr sex age
total sex

= + −

We will call this the aligned age-sex distribution as obtained from subprocess 3.3. 
 
For each sex, we construct a matrix oads.  Construction of this matrix uses two different age-
sex distributions: the age-sex distribution of the awards sample and the aligned age-sex 
distribution of newly entitled beneficiaries from subprocess 3.3.  The matrix oads is a 9 9×  
matrix whose rows and columns are indexed consecutively by the ages 62,…, 70.  We index 
the rows of this matrix by the age of entitlement of a worker in the projection (ageentRSB) 
and the columns of this matrix by the age of entitlement of a worker in the Awards sample 
(ageentAWD).    
 
More precisely, for a given sex, let oadsrs be the age distribution of the sample; oadscp be 
the aligned age distribution of newly entitleds from subprocess 3.3.  Both arrays oadsrs and 
oadscp are indexed by age, ages = 62, …, 70.   For a given sex, the matrix oads is 
constructed with the following properties: 

70

62
( ) ( , )

ageentAWD
oadscp ageentRSB oads ageentRSB ageentAWD

=

= ∑  

and 
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70

62
( ) ( , ).

ageentRSB
oadsrs ageentAWD oads ageentRSB ageentAWD

=

= ∑  

In other words, the matrix oads has the following properties: 
 

• The sum of the entries in any row of the matrix is the value of the distribution of the 
projection for the age corresponding to the row. 

• The sum of the entries in any column of the matrix is the value of the distribution of 
the Awards sample for the age corresponding to the column. 

 
Let opap be the original potential AIME percentages (PAPs) passed to subprocess 4.3 from 
subprocess 4.2.  This is a 9 10×  matrix whose rows are indexed by ages at entitlement 62, …, 
70 and whose columns are indexed by benefit interval 1, …, 10 (represented by the variable i 
in the formulas below).  The values of opap are modified and the results are the PAPs used 
by process 4.3, called opap1.  As a formula,  

70

62
70

62

1( , )

( , ) ( , )
.

( , )

ageentAWD

ageentAWD

opap ageentRSB i

opap ageentAWD i oads ageentRSB ageentAWD

oads ageentRSB ageentAWD

=

=

×
=

∑

∑
 

This formula may be rewritten as follows. 

70

70
62

62

1( , )
( , )( , ) .

( , )=

=

= ×∑
∑ageentAWD

ageentAWD

opap ageentRSB i
oads ageentRSB ageentAWDopap ageentAWD i

oads ageentRSB ageentAWD
 

It follows that opap1 may be interpreted as a reweighting of opap. We have  
70

,
62

1( , ) ( , )ageentRSB ageentAWD
ageentAWD

opap ageentRSB i w opap ageentAWD i
=

= ×∑  

with weights ,
( , ) .

( )ageentRSB ageentAWD
oads ageentRSB ageentAWDw

oadscp ageentRSB
=    

As matrices, 1opap w opap= ×  (and is another 9 10×  matrix).   
 
Consider the following example.  In this example, the projection year is 2040, and the sex is 
males.   
 
The oadsrs vector (from subprocess 4.2) is as follows. 

62 63 64 65 66 67 68 69 70
Male 0.4615 0.1466 0.0676 0.2533 0.0555 0.0058 0.0036 0.0030 0.0030

 

The unaligned age-sex distribution (from subprocess 3.3) is as follows. 
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62 63 64 65 66 67 68 69 70
Male 0.3501 0.1383 0.0514 0.1303 0.1196 0.2206 0.0096 0.0136 0.0117

 

 
The age-sex distribution (from subprocess 3.3) in 2004, the year of the sample is as follows. 

62 63 64 65 66 67 68 69 70
Male 0.4362 0.1521 0.0694 0.2460 0.0800 0.0059 0.0017 0.0024 0.0062

 

Hence the aligned age-sex distribution (from subprocess 3.3), that is, the oadscp vector, is as 
follows. 

62 63 64 65 66 67 68 69 70
Male 0.3304 0.1328 0.0496 0.1376 0.0951 0.2205 0.0115 0.0142 0.0085

 

 
The matrix oads, computed in this subprocess (4.3) is as follows.  An explanation of how this 
matrix is generated appears below.   

\ 62 63 64 65 66 67 68 69 70 Total
62 0.3304 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.3304
63 0.1311 0.0016 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1328
64 0.0000 0.0496 0.0000 0.0000 0.0000 0.

ageentRSB ageentAWD

0000 0.0000 0.0000 0.0000 0.0496
65 0.0000 0.0954 0.0422 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1376
66 0.0000 0.0000 0.0254 0.0696 0.0000 0.0000 0.0000 0.0000 0.0000 0.0951
67 0.0000 0.0000 0.0000 0.1837 0.0368 0.0000 0.0000 0.0000 0.0000 0.2205
68 0.0000 0.0000 0.0000 0.0000 0.0115 0.0000 0.0000 0.0000 0.0000 0.0115
69 0.0000 0.0000 0.0000 0.0000 0.0072 0.0058 0.0012 0.0000 0.0000 0.0142
70 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0024 0.0030 0.0030 0.0085

Total 0.4615 0.1466 0.0676 0.2533 0.0555 0.0058 0.0036 0.0030 0.0030 1.0000

 

 
Note that the column total is oadsrs and the row total is oadscp.  The oads matrix is 
determined using these row and column sum constraints.  The nonzero entries of the oads 
matrix zig-zag down and to the right.  Starting at the upper left hand corner, the lesser of 
oadsrs and oadscp is put there.  So (62,62) 0.3304.oads =  In this case (as is usually the case) 
oadscp is less.  The difference (62) (62) 0.4615 0.3304 0.1311oadsrs oadscp− = − =  is placed one 
lower, in (63,62).oads   Since the sum of the first column is (62)oadsrs  and the sum of the 
first row is (62),oadscp  we move to the next entry on the right.  The difference 

(63) (63,62) 0.1328 0.1311 0.0016,oadscp oads− = − = is (63,63).oads   Now we have that the row 
sum is (63).oadscp   We want the column sum to be (63).oadsrs   We move down to 

(64,63).oads   Since 
(63) (63,63) 0.1466 0.0016 0.1450 0.1328 (63),oadsrs oads oadscp− = − = > =  by the row sum 

constraint we are forced to have (64,63) 0.0496.oads =   Now move one lower.  Since 
0.1466 0.0496 0.0016 0.0954 (65) 0.1376,oadscp− − = < = the entry (65,63) 0.0954.oads =   The 
column sum is now (63),oadsrs  and we move one over to the right.  We want to fill in this 
entry.  We compute (65) (65,62) 0.1376 0.0954 0.0422 0.0676,oadscp oads− = − = <  by the 
column sum constraint we have (65,64) 0.0422.oads =  The row constraint is now met, and we 
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move down to (66,64).oads   We look at (66) 0.0951.oadscp =   By the column constraint, 
we cannot place this value in (66,64).oads   So to meet the column constraint, we set 

(66,64)oads  equal to the difference (64) (65,64) 0.0676 0.0422 0.0254.oadsrs oads− = − =   
Now that this column constraint is met, we move one column over to (66,65).oads   Note that 
we cannot put (65) 0.2533oadsrs =  there since then the row constraint would be violated.  In 
order to meet the row constraint, 

(66,65) (66) (66,64) 0.0951 0.0254 0.0696.oads oadscp oads= − = − =   Since the row 
constraint is met, we move one row down to (67,65).oads   We cannot put (67)oadscp  there 
since then the column constraint would be violated.  Hence 

(67,65) (65) (66,65) 0.2533 0.0696 0.1837.oads oadsrs oads= − = − =   Now that the column 
constraint is met, we move one column over to (67,66).oads   We cannot put 

(66) 0.0555oadsrs = there or else the row constraint would be violated.  So we put  
(67,66) (67) (67,65) 0.2205 0.1837 0.0368oads oadscp oads= − = − =  there.  Now the row 

constraint is met and we move one row down to (68,66).oads   Since 
(67,66) (68) (66),oads oadscp oadsrs+ <  we have (68,66) (66) 0.0115.oads oadscp= =   Now 

move one row down to (69,66).oads   We cannot put (69) 0.0142oadscp =  there or else the 
column constraint would be violated.  Hence 

(69,66) (66) (67,66) (68,66) 0.0555 0.0368 0.0115 0.0072oads oadsrs oads oads= − − = − − = a
nd the column constraint is met.  Now move one column over to (69,67).oads   We put 

(69,67) (67) 0.0058oads oadsrs= =  there since that meets the column constraint and the row 
constraint remains unsatisfied.  So move over to the next column, (69,68).oads   We cannot 
put (68)oadsrs  there since that would violate the row constraint.  It follows that 

(69,68) (69) (69,66) (69,67) 0.0142 0.0072 0.0058 0.0012.oads oadscp oads oads= − − = − − =  
Now the row constraint is satisfied and we move down to the last row and (70,68).oads   By 
the column constraint, this entry is forced to be 0.0024.  Moving to column 69, again, by the 
column constraint, the entry (70,69)oads is forced to be 0.0030.  Finally, by the row and 
column constraints, the last entry, (70,70),oads  is 0.0030. 
 
To obtain the w matrix, normalize the rows by dividing by the row sum.   

\ 62 63 64 65 66 67 68 69 70
62 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
63 0.9877 0.0123 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
64 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0

ageentRSB ageentAWD

.0000
65 0.0000 0.6935 0.3065 0.0089 0.0000 0.0000 0.0000 0.0000 0.0000
66 0.0000 0.0000 0.2676 0.7324 0.0000 0.0000 0.0000 0.0000 0.0000
67 0.0000 0.0000 0.0000 0.8331 0.1669 0.0000 0.0000 0.0000 0.0000
68 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000
69 0.0000 0.0000 0.0000 0.0000 0.5094 0.4085 0.0822 0.0000 0.0000
70 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2852 0.3516 0.3516
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Then, as matrices, 1 ,opap w opap= ×  as one may verify.  For display purposes the transposes 
of opap and opap1 are shown. 

 
  
 
 
 
 
 opap 62 63 64 65 66 67 68 69 70 

1 0.9993 0.9992 0.999 0.9985 0.9985 0.9964 0.9929 0.99 0.9893 
2 0.989 0.9895 0.986 0.9867 0.9828 0.9245 0.9302 0.9004 0.9163 
3 0.9635 0.9676 0.9627 0.9665 0.9551 0.8182 0.7771 0.7245 0.8272 
4 0.9336 0.9431 0.9318 0.9462 0.9318 0.7063 0.6486 0.5597 0.7364 
5 0.9037 0.9163 0.9068 0.9264 0.9131 0.6373 0.563 0.4703 0.6687 
6 0.8768 0.8913 0.8831 0.9073 0.8909 0.5994 0.5017 0.4193 0.6242 
7 0.8499 0.8671 0.8588 0.888 0.8697 0.5663 0.4846 0.3943 0.5957 
8 0.8235 0.843 0.8362 0.869 0.8525 0.5333 0.4495 0.3733 0.5577 
9 0.7953 0.8178 0.8148 0.8501 0.8363 0.5065 0.4162 0.3587 0.5398 

10 0.7692 0.789 0.7913 0.8308 0.8191 0.4839 0.386 0.3395 0.5064 
11 0.7432 0.7613 0.7674 0.8098 0.8009 0.4617 0.3621 0.325 0.4707 
12 0.7157 0.7324 0.7419 0.7884 0.7849 0.4435 0.3485 0.3071 0.4401 
13 0.688 0.7015 0.7139 0.7649 0.762 0.4328 0.3264 0.2848 0.4118 
14 0.6386 0.6465 0.6671 0.7213 0.7238 0.3989 0.297 0.2557 0.3861 
15 0.5689 0.5702 0.5968 0.6564 0.6685 0.3558 0.2653 0.228 0.3386 
16 0.495 0.4916 0.52 0.5887 0.6098 0.3277 0.2338 0.2053 0.302 
17 0.4218 0.4139 0.4441 0.5201 0.5432 0.3014 0.2124 0.1901 0.2823 
18 0.3502 0.3422 0.3773 0.4561 0.4796 0.2719 0.1857 0.182 0.259 
19 0.2534 0.2513 0.2875 0.366 0.3974 0.2413 0.1608 0.1624 0.2315 
20 0.1481 0.1571 0.1882 0.263 0.293 0.1944 0.1349 0.1294 0.1887 
21 0.0731 0.0816 0.1056 0.1676 0.1979 0.1457 0.0998 0.1025 0.1405 
22 0.0232 0.0282 0.0421 0.0709 0.094 0.0841 0.0631 0.0641 0.0824 
23 0.0036 0.0051 0.0102 0.017 0.0231 0.0248 0.0268 0.023 0.0281 
24 0 0 0 0 0.0004 0.0007 0.0024 0.0018 0.0038 
25 0 0 0 0 0 0 0 0 0 
26 0 0 0 0 0 0 0 0 0 
27 0 0 0 0 0 0 0 0 0 
28 0 0 0 0 0 0 0 0 0 
29 0 0 0 0 0 0 0 0 0 
30 0 0 0 0 0 0 0 0 0 

 



 
 

 256 
 

 
 
 opap1 62 63 64 65 66 67 68 69 70 

1 0.9993 0.9993 0.9992 0.9991 0.9986 0.9985 0.9985 0.9972 0.979 
2 0.989 0.989 0.9895 0.9884 0.9865 0.986 0.9828 0.9547 0.9039 
3 0.9635 0.9636 0.9676 0.9661 0.9655 0.9646 0.9551 0.8846 0.7671 
4 0.9336 0.9337 0.9431 0.9396 0.9423 0.9438 0.9318 0.8164 0.6406 
5 0.9037 0.9039 0.9163 0.9134 0.9212 0.9242 0.9131 0.7717 0.561 
6 0.8768 0.877 0.8913 0.8888 0.9008 0.9046 0.8909 0.7398 0.5099 
7 0.8499 0.8501 0.8671 0.8646 0.8802 0.8849 0.8697 0.7141 0.4862 
8 0.8235 0.8237 0.843 0.8409 0.8602 0.8662 0.8525 0.689 0.4555 
9 0.7953 0.7956 0.8178 0.8169 0.8407 0.8478 0.8363 0.6671 0.4346 

10 0.7692 0.7694 0.789 0.7897 0.8202 0.8288 0.8191 0.6466 0.4075 
11 0.7432 0.7434 0.7613 0.7632 0.7985 0.8083 0.8009 0.6263 0.383 
12 0.7157 0.7159 0.7324 0.7353 0.776 0.7878 0.7849 0.6096 0.3621 
13 0.688 0.6882 0.7015 0.7053 0.7513 0.7644 0.762 0.5917 0.338 
14 0.6386 0.6387 0.6465 0.6528 0.7068 0.7217 0.7238 0.556 0.3103 
15 0.5689 0.5689 0.5702 0.5784 0.6404 0.6584 0.6685 0.5076 0.2748 
16 0.495 0.495 0.4916 0.5003 0.5703 0.5922 0.6098 0.4637 0.245 
17 0.4218 0.4217 0.4139 0.4232 0.4998 0.524 0.5432 0.4172 0.2266 
18 0.3502 0.3501 0.3422 0.353 0.435 0.46 0.4796 0.3706 0.208 
19 0.2534 0.2534 0.2513 0.2624 0.345 0.3712 0.3974 0.3142 0.1843 
20 0.1481 0.1482 0.1571 0.1666 0.243 0.268 0.293 0.2397 0.1503 
21 0.0731 0.0732 0.0816 0.089 0.151 0.1727 0.1979 0.1685 0.1139 
22 0.0232 0.0233 0.0282 0.0325 0.0632 0.0748 0.094 0.0874 0.0695 
23 0.0036 0.0036 0.0051 0.0067 0.0152 0.018 0.0231 0.0241 0.0256 
24 0 0 0 0 0 0.0001 0.0004 0.0007 0.0027 
25 0 0 0 0 0 0 0 0 0 
26 0 0 0 0 0 0 0 0 0 
27 0 0 0 0 0 0 0 0 0 
28 0 0 0 0 0 0 0 0 0 
29 0 0 0 0 0 0 0 0 0 
30 0 0 0 0 0 0 0 0 0 

 
 
 




